Introduction {#Sec1}
============

The analysis on fractals has attracted attentions of researchers in the last decades, not only for the reason that fractals are archetypal examples of spaces without suitable smooth structure, but also because fractals are examples of interesting models in statistical mechanics. Many objects in nature (e.g. percolation clusters in disordered media, complex biology systems, polymeric materials, and etc.) possess features of fractals (see e.g. \[[@CR28]\] for details). Fractals appear as scaling limits of lattices. Lattice models (e.g. the Ising models and their variants) have been extensively studied in statistical mechanics, and properties for scaling limits have been derived using conformal field theory in dimension two.

Since a calculus on fractals is not available, the theory of Dirichlet forms on measure-metric spaces and stochastic calculus are the analytic tools employed for the study of analysis problems on fractals, and many interesting results have been established in the past decades.

Early works on analysis on fractals however have been focused mainly on diffusion processes and the corresponding Dirichlet forms (see e.g. \[[@CR1]--[@CR3], [@CR8], [@CR11], [@CR12], [@CR21]--[@CR24]\] and etc.). Brownian motion on the Sierpinski gasket was first constructed by Goldstein and  Kusuoka as the limit of a sequence of (scaled) random walks on lattices (cf. \[[@CR9], [@CR26]\]). Kigami \[[@CR22]\] has obtained an analytic construction of the Dirichlet form via finite difference schemes. The construction of gradients of functions with finite energy has been given in Kusuoka in \[[@CR25]\], where a significant difference between Euclidean spaces and fractals has also been revealed (see \[[@CR25], Section 6\]). On the Sierpinski gasket for example, volumes of sets and energies of functions are measured in terms of two mutually singular measures, the Hausdorff measure and Kusuoka's measure (see Sect. [2](#Sec2){ref-type="sec"} below for definitions). By virtue of the results obtained in \[[@CR25]\], gradients of functions on the Sierpinski gasket may be defined as square integrable functions with respect to Kusuoka's measure (cf. Sect. [2](#Sec2){ref-type="sec"}). Roughly speaking, the gradient of a function with finite energy is the square root of the density of its energy measure with respect to Kusuoka's measure. There have been interests in the understanding of gradients of functions and non-linear partial differential equations on fractals with non-linearities involving first-order derivatives (see e.g. \[[@CR16], [@CR18]--[@CR20], [@CR33]\] and references therein). A new class of semi-linear parabolic equations involving singular measures on the Sierpinski gasket was proposed and studied in \[[@CR27]\], where, among other things, a Feynman--Kac representation was obtained assuming the existence of weak solutions.

In the present paper, we establish the existence and uniqueness of solutions to the semi-linear parabolic PDEs proposed in \[[@CR27]\], and derive the regularity of solutions. A crucial ingredient in our argument is a new type of Sobolev inequalities on the Sierpinski gasket (and the infinite gasket) involving different measures (which can be mutually singular). To author's knowledge, this type of Sobolev inequalities on fractals has not been investigated before, and is of mathematical interests on its own. We formulate and study the Burgers equations on the gasket, which is an archetype of non-linear PDEs with non-Lipschitz coefficients, and also as a simplified model of flows in porous medium. The difficulty in our case is that there exists no suitable analogue of the Cole--Hopf transformation on the gasket. Instead we tackle the problem by using a Feynman--Kac representation and an iteration argument.

This paper is organized as follows. We introduce in Sect. [2](#Sec2){ref-type="sec"} the notations and definitions which will be effective throughout the paper. Several preliminary results are also reviewed in the same section. In Sect. [3](#Sec6){ref-type="sec"}, we give the formulation and the proof of new Sobolev inequalities on the Sierpinski gasket (and the infinite gasket), which will be needed in latter sections. The optimal exponents and a sufficient and necessary condition for the validity of these inequalities are also given in this section. Section [4](#Sec7){ref-type="sec"} is devoted to the semi-linear parabolic PDEs on the gasket, where we establish the existence and uniqueness and the regularity of solutions. In Sect. [5](#Sec8){ref-type="sec"}, we apply the results in previous sections to the study of the Burgers equations on the gasket, which are the analogues of the Burgers equations on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^{2}$$\end{document}$, we however believe that our results also hold for Sierpinski gaskets in higher dimensions. The main results and the arguments given in this paper can be adapted accordingly without difficulties.

Preliminaries {#Sec2}
=============

In this section, we set up several notations and definitions which will be in force throughout this paper.

Sierpinski gaskets {#Sec3}
------------------
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### Remark 2.1 {#FPar1}
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Sobolev inequalities {#Sec6}
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Definition 3.1 {#FPar2}
--------------
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Definition 3.2 {#FPar3}
--------------
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Definition 3.3 {#FPar4}
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We are now in a position to formulate the main results of this section. Let $\documentclass[12pt]{minimal}
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Remark 3.4 {#FPar5}
----------

(i)In literature, a Borel measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^{n}$$\end{document}$ is called an Ahlfors regular measure if there exists a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d>0$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{-1}r^{d}\le \sigma (B(x,r))\le Cr^{d}$$\end{document}$ for any ball of radius *r* centred at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\hat{\sigma }$$\end{document}$ in (M.1) an Ahlfors upper regular measure (with distinct exponents for expansion and contraction). In the present paper, we formulate the condition (M.1) in terms of the Hausdorff measure rather than diameter of sets because of notational convenience when comparing measures. We would like to mention that a heat kernel estimate implies the Ahlfors regularity of the Hausdorff measure (see e.g. \[[@CR10], Theorem 3.2\] and references therein).(ii)The restriction $\documentclass[12pt]{minimal}
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We would like to point out that the condition (M.1) is general enough to include many cases of interests, some of important examples are listed below.
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-----
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Remark 3.7 {#FPar9}
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(i)Some comments are desired on the interpretation of the exponents appearing in the inequality ([3.2](#Equ9){ref-type=""}). Recall that, on Euclidean space $\documentclass[12pt]{minimal}
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Proof {#FPar11}
-----
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Corollary 3.9 {#FPar12}
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Proof {#FPar13}
-----
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Remark 3.10 {#FPar14}
-----------
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Theorem 3.11 {#FPar15}
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Remark 3.12 {#FPar16}
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Theorem 3.13 {#FPar17}
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Corollary 3.14 {#FPar18}
--------------
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Remark 3.15 {#FPar19}
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Theorem 3.16 {#FPar20}
------------
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Remark 3.17 {#FPar21}
-----------
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Corollary 3.18 {#FPar22}
--------------

For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in \mathcal {F}(\mathbb {S})$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u\Vert _{L^{2}(\mu )}\le C\,\big [\mathcal {E}(u)^{(d_{s}-1)/2}\Vert u\Vert _{L^{2}(\nu )}^{2-d_{s}}+\Vert u\Vert _{L^{2}(\nu )}\big ]. \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in \mathcal {F}(\mathbb {S}\backslash \mathrm {V}_{0})$$\end{document}$ in addition, then by ([3.19](#Equ29){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c=0$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u\Vert _{L^{2}(\mu )}\le C\,\mathcal {E}(u)^{(d_{s}-1)/2}\Vert u\Vert _{L^{2}(\nu )}^{2-d_{s}}. \end{aligned}$$\end{document}$$

Semi-linear parabolic PDEs {#Sec7}
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----------
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In view of the joint continuity of *p*(*t*, *x*, *y*), the definition below is legitimate.

Definition 4.3 {#FPar25}
--------------
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Remark 4.4 {#FPar26}
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The following lemma can be easily shown by a mollifier argument similar to that of \[[@CR7], Theorem 3, Section 5.9\].
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We derive properties of the convolution ([4.2](#Equ36){ref-type=""}) in the following lemmas.
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Proof {#FPar31}
-----
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Lemma 4.9 {#FPar32}
---------
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Proof {#FPar33}
-----
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Definition 4.10 {#FPar34}
---------------

By virtue of Lemma [4.9](#FPar32){ref-type="sec"}, the convolution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _{0}^{t}P_{t-s}(g(s)\mu )\,ds$$\end{document}$ can be defined to be the limit in ([4.6](#Equ40){ref-type=""}).

Lemma 4.11 {#FPar35}
----------

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g\in L^{\infty }(0,T;L^{2}(\mu ))$$\end{document}$, then the convolution *u* defined by ([4.6](#Equ40){ref-type=""}) is jointly continuous in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[0,T]\times \mathbb {S}$$\end{document}$. Moreover, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<\theta <\frac{3}{2}(1-d_{s}/2)$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |u(t,x)-u(s,y)|\le \Vert g\Vert _{L^{\infty }(0,T;L^{2}(\mu ))} \big [C_{\theta }|t-s|^{\theta }+C_{T}\,R(x,y)^{1/2}\big ], \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\theta }>0$$\end{document}$ is a constant depending only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{T}>0$$\end{document}$ one depending only on *T*.

Remark 4.12 {#FPar36}
-----------
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Proof {#FPar37}
-----
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Next, we turn to the Hölder continuity of *u*(*t*, *x*) in *t*. Let $\documentclass[12pt]{minimal}
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Definition 4.13 {#FPar38}
---------------
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Remark 4.14 {#FPar39}
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Proof {#FPar41}
-----
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The estimate ([4.18](#Equ52){ref-type=""}) follows readily from Lemma [4.9](#FPar32){ref-type="sec"}, and the uniqueness of solutions is an immediate consequence of ([4.18](#Equ52){ref-type=""}). $\documentclass[12pt]{minimal}
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We are now in a position to state and give the proof of the main result of this section.

Theorem 4.16 {#FPar42}
------------
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-----
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To prove the lemma, suppose first that *h* is differentiable on $\documentclass[12pt]{minimal}
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We now prove the joint Hölder continuity. Let $\documentclass[12pt]{minimal}
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The Burgers equations {#Sec8}
=====================

As an application of Theorem [4.16](#FPar42){ref-type="sec"} and the Feynman--Kac representation for (backward) parabolic PDEs on $\documentclass[12pt]{minimal}
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Remark 5.1 {#FPar45}
----------
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Theorem 5.2 {#FPar46}
-----------
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Proposition 5.3 {#FPar47}
---------------

The Burgers equation ([5.1](#Equ66){ref-type=""}) admits a unique weak solution *u* satisfying the maximal principle below$$\documentclass[12pt]{minimal}
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